Abstract. Generalized random sequential adsorption (RSA) of polydisperse mixtures of k-mers on a one-dimensional lattice is studied numerically by means of Monte Carlo simulations. The kinetics of the deposition process of mixtures is studied for the irreversible case, for adsorption-desorption processes and for the case where adsorption, desorption and diffusion are present simultaneously. We concentrate here on the influence of the number of mixture components and the length of the k-mers making up the mixture on the temporal behavior of the coverage fraction θ(t). The approach of the coverage θ(t) to the jamming limit θ jam in the case of irreversible RSA is found to be exponential, θ jam − θ(t) ∝ exp(−t/σ), not only for a whole mixture, but also for the individual components. For the reversible deposition of polydisperse mixtures, we find that after the initial 'jamming', a stretched exponential growth of the coverage θ(t) towards the equilibrium state value θ eq occurs, i.e., θ eq − θ(t) ∝ exp[−(t/τ ) β ]. The characteristic timescale τ is found to decrease with the desorption probability P des . When adsorption, desorption and diffusion occur simultaneously, the coverage of a mixture always reaches an equilibrium value θ eq , but there is a significant difference in temporal evolution between the coverage with diffusion and that without.
Introduction
Adsorption of large molecules on solid surfaces is often irreversible over experimental timescales and can be studied using the random sequential adsorption (RSA) model [1] - [5] . In RSA processes particles are randomly, sequentially and irreversibly deposited onto a substrate. The particles are not allowed to overlap and there is no diffusion of the adsorbed particles. The dominant effect in RSA is the blocking of the available substrate area. Within a monolayer deposit, each adsorbed particle affects the geometry of all later placements. When the surface is saturated with the adsorbed objects and no further objects can be placed, the system reaches the jamming limit θ jam . The kinetic properties of a deposition process are described through the time evolution of the coverage θ(t), which is the fraction of the substrate area occupied by the adsorbed particles. For lattice RSA models the approach to the jamming coverage is exponential [6] - [9] :
where A and σ are parameters that depend on the details of the model, such as the shape and orientational freedom of the depositing objects. However, modeling real physical situations, one often needs to take into account the possibility of desorption or diffusion of deposited particles [10] - [12] . Generalized random sequential adsorption includes these desorption and diffusion processes. Problems including adsorption and desorption of particles along a one-dimensional track are related to many biophysical processes. Binding and unbinding of kinesin motors to microtubules [13] , of myosin to actin filaments, and of proteins to DNA are commonly studied biological examples. The adsorption-desorption processes can also reproduce many experimentally observed phenomena in granular materials, such as density relaxation in vibrated granular materials [11] , [14] - [17] and memory effects [12, 18] .
Allowing desorption makes the process reversible and the system ultimately reaches an equilibrium state. The density of the particles in the equilibrium state is a function only of the desorption to adsorption rate ratio [19, 20] . The approach of the coverage to its equilibrium value was found to be exponential for the adsorption-desorption processes on a line [19] . Furthermore, a power law time dependence of the coverage followed by an exponential relaxation to equilibrium was suggested for the adsorptiondesorption processes of k-mers on a one-dimensional lattice [21] . More recently, we have carried out extensive simulations of the deposition processes for k-mers in the presence of desorption or/and diffusional relaxation on a one-dimensional lattice [22] . For the reversible deposition of k-mers, we have found that after the initial 'jamming', a stretched exponential growth of the coverage θ(t) towards the equilibrium state value θ eq occurs, i.e.,
. The characteristic timescale τ was found to decrease with the desorption probability P des according to a power law, τ ∝ P −γ des , with the same exponent γ = 1.22 ± 0.04 for all k-mers.
Adsorption processes with diffusional relaxation lead to a fully covered lattice in the one-dimensional case and to the formation of large clusters of covered sites in the twodimensional case. For these processes most authors propose a power law time dependence of the coverage in the late stages of deposition [22] - [24] . When adsorption, desorption and diffusion occur simultaneously, the system evolves to the equilibrium state. For onecomponent adsorption it has been shown [22, 25] that the presence of diffusion in the reversible case hastens the process, but the equilibrium coverage depends only on the desorption/adsorption probability ratio.
In some experimental situations, adsorbed particles such as colloidal ones and bioparticles are not monodisperse. Their size distributions may spread over several decades. The effect of size polydispersity on the growth of deposition structures was mainly studied to obtain their jamming limits and their late-time kinetics, which were different from those for the monodisperse case. The role of polydispersity in the irreversible deposition has been studied numerically and analytically. Numerical studies include the irreversible deposition of binary mixtures [26] - [29] , and polydisperse mixtures of particles obeying uniform, Gaussian, and power law size distributions [9, 28, 30, 31] . Analytical studies were restricted to binary mixtures of particles with very large size differences [32] - [34] , power law size distributions [31, 35] , or general continuous size distributions [36] . The reversible RSA of binary mixtures of extended objects on a triangular lattice is discussed in [37] . The results of the numerical simulations indicate that the coverage kinetics for a mixture strongly depends on the symmetry properties of the component shapes.
In this work we present the results of extensive numerical simulations of generalized random sequential adsorption of mixtures containing various numbers of components of various lengths on a 1D lattice. The kinetics of the deposition process is studied for the irreversible case, for the adsorption-desorption processes and for the case where all three processes, i.e., adsorption, desorption and diffusion, are present simultaneously. Results for the irreversible deposition of mixtures are presented in section 2 and the influence of desorption and diffusion is discussed in section 3. Section 4 contains some additional comments and final remarks.
Random sequential adsorption of polydisperse mixtures
In the case of irreversible deposition, the dependence of the deposition kinetics on the number of components in the mixture and on the length of the depositing objects is investigated mixture components is chosen at random and one lattice site is selected at random. Then we try to deposit the k-mer with the beginning at the selected site, i.e., we search to find whether k consecutive sites are unoccupied. If so, we place the object. If not, the attempt is abandoned. Then a new depositing object from the mixture and a new site are selected at random, and so on. The jamming limit of the mixture θ jam is reached when none of the objects can be placed in any position on the lattice. The time is counted via the number of deposition attempts and scaled by the total number of lattice sites. The data are averaged over 1000 independent runs for each mixture. The kinetics of the irreversible deposition of mixtures is illustrated in figure 1 where the plots of ln[θ jam − θ(t)] versus t are given for the six mixtures of k-mers made up of n = 2, . . . , 7 components. In figure 2 the plots of such time dependences are shown for all the components making up a five-component mixture of k-mers (k = 2, . . . , 6). It can be seen that for the late stages of the deposition process these plots are straight lines not only for the mixtures, but also for each of the components. This means that the exponential temporal evolution (1.1) of the coverage θ(t) is valid both for the mixture and for the components making up the mixture. The values of the parameter σ are determined from the slopes of these lines. Parameter σ determines how fast the lattice is filled up to the jamming coverage θ jam . The parameter σ grows linearly with the number of components in the mixture, as shown in figure 3 . The values of the relaxation times σ for the k-mers k = 2, . . . , 11, making up a ten-component mixture, are given in figure 4 . The relaxation time σ decreases rapidly with the length of the components making up the mixture, so the late-time kinetics of the deposition is determined mostly by the smallest objects in the mixture. the smaller object creates an exclusion zone for further adsorption of larger objects. At large times, adsorption events take place on small domains of unoccupied sites, and in the competition between two objects of different numbers of segments the smaller object wins. Figure 5 shows that the total jamming coverage θ jam increases with the number of components n in the mixture, despite the fact that the number of components is always increased by adding a k-mer of a greater length. Arbitrary mixtures thus cover the lattice more efficiently than either of the components. Partial jamming coverages are given in figure 6 for various mixtures starting from the two-component mixture of dimers and trimers and going to the ten-component mixture of k-mers (k = 2, 3, . . . , 11). For the two-component mixture the partial jamming coverage of dimers is slightly smaller than that of trimers. In other mixtures, partial jamming coverage decreases with k for small k, reaches a minimum, and increases for sufficiently large k-mers. This minimum is shifted towards longer k-mers for greater number of components in the mixture. During the initial RSA regime adsorption events may be considered to take place on large regions of unoccupied lattice at a rate independent of the object size. When the lattice is partially filled with randomly distributed line segments of various lengths, it is much easier to add shorter objects than longer ones at random. Namely, with the growth of the coverage, the adsorption of longer k-mers is suppressed. At large times the number fraction of adsorbed k-mers in the mixture always decreases with k, as a consequence of the geometric exclusion effects. Nevertheless, for sufficiently large k-mers, the partial jamming coverage can increase with k due to the greater number of sites covered by a single k-mer. 
Adsorption, desorption and diffusion of mixtures
In this section we present the numerical studies of the effects of desorption and diffusion on deposition of mixtures in 1D. We investigate the role that the mixture composition plays in the time evolution of the coverage θ(t) in the whole post-jamming time range. We carried out a detailed analysis of the contribution to the densification kinetics coming from each mixture component.
The Monte Carlo simulations of adsorption-desorption processes and processes where adsorption, desorption and diffusion are simultaneously present are performed on a onedimensional lattice of size L = 10
5 . The mixtures are made up of k-mers of various lengths. The time is rescaled to the adsorption process, because the number of adsorption attempts per unit of time is the quantity controlled in the experiments. The data are averaged over 100 independent runs for each of the processes investigated and for each combination of k-mers.
In the case of adsorption-desorption processes the kinetics is governed by the ratio of desorption to adsorption probability. At each Monte Carlo step adsorption is attempted with probability P a and desorption with probability P des . Since we are interested in the ratio P des /P a , in order to save computer time, it is convenient to take the adsorption probability to be P a = 1. The algorithm for adsorption of a randomly chosen component of the mixture onto the lattice was already described in detail in the previous section. Each adsorption attempt is followed by a desorption attempt with probability P des . The desorption process is started by choosing a lattice site at random. If this selected site is unoccupied, the desorption step fails and the process is continued by choosing a new site for an adsorption attempt. On the other hand, if a beginning of a deposited k-mer is at the selected site, the object is removed from the lattice.
When adsorption, desorption and diffusion are present simultaneously, the kinetics of the process is determined by the ratios of desorption/adsorption and diffusion/adsorption probabilities. Adsorption, desorption, and diffusion attempts are statistically independent and they are performed sequentially with probabilities P a = 1, P des , and P dif , respectively. Algorithms that describe the adsorption and desorption processes in our model have already been explained. If the attempted process is diffusion and if there is a beginning of a deposited object at the randomly selected site, we choose one of the two possible directions at random and try to move the k-mer by a lattice constant in that direction. The object is moved if it does not overlap with any of the deposited objects. If it does, the attempt is abandoned.
In order to gain a better insight into the complex kinetics of the adsorption-desorption processes of polydisperse mixtures it is useful to analyze in particular the process for the two-component mixtures. The simulations of adsorption-desorption processes were performed for various mixtures (k 1 ) + (k 2 ) of k-mers, such as (2) + (4), (2) + (6), (2) + (8), (2) + (10), (4) + (10), (6) + (10), and (8) + (10), and for various, relatively low, values of the desorption probability P des = 0.001, 0.002, 0.005, 0.01, 0.02. The temporal evolutions of the total coverages for the reversible RSA of mixtures (2) + (4) and (8) + (10) are shown in figure 7 . Also included in figure 7 are the time dependences of the partial coverages for each mixture component. Furthermore, the insets show the behaviors of the total and partial coverages in the early stages of the deposition process. The simulations were carried out with the desorption probability P des = 0.005. As far as the partial coverages are concerned, from figure 7 we can see that the coverage of a shorter object is a monotonically increasing function of time and has the same general features as the total coverage of the mixture. On the other hand, the partial coverage of the longer object is not monotonic in time. When the total coverage approaches the jamming limit, the partial coverage of the longer k-mer reaches a broad maximum (see the insets in figure 7 ). This is followed by a slow relaxation to the smaller equilibrium state value for the partial coverage of the longer component. The contribution of the longer k-mer to the total coverage fraction does not vanish for large times, but it becomes negligible. Hence, the dynamics of a mixture close to the equilibrium state limit is governed by the dynamics of the shorter k-mer. The equilibrium state values of the partial coverage depend on the desorption probability P des and on the ratio of the object lengths, k 1 /k 2 .
In the initial stage, when the coverage fraction is small, the influence of desorption events is negligible compared with that of adsorption ones and the process displays an RSA-like behavior. At the beginning of the process, starting with an initially empty lattice, both mixture components adsorb with approximately equal rates and the coverage grows rapidly in time. With the growth of the coverage, adsorption of the longer k-mer is suppressed and the jamming of the mixture is reached by placing the shorter k-mers into the small empty regions. When a longer object desorbs, a shorter object has a greater number of possible places for adsorption into an empty region in the lattice, so the partial coverages of the longer k-mers decrease in time. At coverage close to the jamming limit θ jam for the irreversible case, the rare desorption events are followed by immediate readsorption. The growth of the coverage fraction of the mixture above θ jam requires rearrangement of the increasing number of objects in order to open a hole large enough for the insertion of an additional k-mer. Namely, when one badly sited object desorbs and two objects adsorb in the opened location, the number of k-mers is increased by 1. On the other hand, if two well sited objects desorb and a single object adsorbs in their stead, the number of k-mers is decreased by 1. These collective events are responsible for the growth of the coverage above θ jam [37] - [39] . We shall focus our attention on the kinetics in this post-jamming time range and on the approach to the equilibrium state.
We have found that above the jamming coverage, the time evolution of the total coverage of the mixture can be described by a stretched exponential function of the form
The values of the equilibrium state coverage θ eq , the parameter Δθ and the relaxation time τ depend on the desorption probability P des and on the mixture composition. In figure 8 the results of the simulations are shown together with fitting functions of the form (3.1) for three different mixtures. It should be noted that the value θ eq of the stretched exponential law is slightly higher than the final coverage fraction. This noticeable deviation is a consequence of the subsequent replacement of a small number of longer k-mers with shorter ones in the very late times of the deposition process. Strictly speaking, the stretched exponential law (3.1) holds in the intermediate relaxation regime until this replacement becomes the dominant mechanism for the final tuning of the equilibrium coverage. On the graphs in figure 8 vertical arrows indicate these moments. An additional confirmation of the stretched exponential behavior of the coverage in the late stage of the adsorption-desorption processes of mixtures can be obtained by the following analysis. Function (3.1) can be written as
where δθ = θ eq − θ(t). Differentiation of (3.2) gives
i.e., 
From (3.4) it follows that
which means that a double-logarithmic plot of the derivative of ln[δθ(t)] versus t is a straight line in the case of the stretched exponential function (3.1). The double-logarithmic plots of the numerically calculated derivatives of ln[δθ(t)] for the data obtained by Monte Carlo simulations are straight lines for the coverages above the jamming coverage for all mixtures and for all values of the desorption probabilities. Such plots are shown in figure 9 for three different mixtures for the case of P des = 0.005. This strongly suggests that the relaxation to the equilibrium state in the case of adsorptiondesorption processes of mixtures is mainly governed by the stretched exponential law. Values of the fitting parameters τ and β are determined from the slopes of these lines and the values of Δθ are obtained by using the least-squares method for a given pair (τ, β). Note that the fitting parameters τ , β and Δθ in the fitting functions shown in figure 8 are obtained as described above.
Simulations of the adsorption-desorption processes are also performed for the tencomponent mixture made up of k-mers covering 2, 3, 4, . . ., and 11 lattice sites. Results are obtained for various low desorption probabilities in the range from P des = 0.0002 to P des = 0.002. The results for the time evolution of the partial and total coverages in the case of P des = 0.002 are given in figures 10(a) and (b), respectively. From figure 10(a) we can see that only the time dependence of the partial coverage of dimers is monotonically increasing. Partial coverage corresponding to any of the other components increases at the early times of the deposition process, reaches a maximum and decreases slowly to its equilibrium value afterward. Figure 10(b) shows that starting from an initially empty lattice, the total coverage increases and reaches a local maximum value first. Interestingly, doi:10.1088/1742-5468/2010/02/P02022then the total coverage starts to decrease and reaches a wide minimum. In the final stage, it slowly relaxes to the equilibrium value via collective rearrangements. The initial phase consists of RSA of k-mers. After this initial filling of the lattice, adsorption becomes slower and desorption can no longer be ignored. Then, the change of the coverage is caused by a long sequence of desorption-adsorption events in which a k-mer detaches from the lattice and the gap that is created is immediately filled by one or more new k-mers. In this late stage, RSA acts to preferentially adsorb the shorter k-mers. This is a consequence of the fact that unlike for the very long k-mers, many more possible places for deposition are allowed for short k-mers falling in the isolated empty location. Therefore, the partial coverages of longer objects decrease in time, causing the decrease of the total coverage until the collective effects take place. Fine-tuning of the incoming and outgoing flux of each component occurs during this stage. In the final regime, the coverage of the mixture increases due to the increase of the number of deposited dimers.
Above the jamming limit, the time evolution of the total coverage θ(t) for the tencomponent mixture can also be well described by the stretched exponential law (3.1). Examples of such fits are shown in figure 11 together with the results of the simulations for three different desorption probabilities, P des = 0.0004, 0.0008, 0.001. The reasons for the deviations between the results of the simulations and the corresponding fitting functions, visible in the final phase of the process, are similar to those for the case of the twocomponent mixture. These deviations increase gradually with the turning on of various combinations of replacements of longer objects with shorter ones.
The dependence of the total equilibrium coverage θ eq on the desorption probability P des is shown in figure 12 for the ten-component mixture. The equilibrium coverage θ eq is found to decrease with the desorption probability P des according to an exponential law: 6) with parameters θ 0 = 0.949, θ 1 = 0.042, and P 0 = 0.0013. The values of the fitting parameter τ for the various desorption probabilities in the range P des ∈ [10 −4 , 10 −3 ] are shown in figure 13 on a log -log scale. As for the pure depositing objects, the dynamics of the reversible RSA of polydisperse mixtures gets drastically slower when the desorption probability decreases. For the ten-component mixture the values of the fitting parameter β are determined from the slopes of ln(δθ(t)) lines (equation (3.5)). At low values of the desorption probability P des in the range of 10 −4 -10 −3 , β is in the range of 0.33-0.55. Finally, we consider the general case of the reversible RSA of polydisperse mixtures on the 1D lattice in the presence of diffusion. Adsorption-desorption processes with diffusional relaxation are reversible and after a long enough time the system reaches an equilibrium state. This is illustrated in figure 14 where the time dependence of the total coverage θ(t) in the case of reversible deposition of the ten-component mixture is shown for various values of the diffusion probability, P dif = 0.2, 0.4, 0.6, 0.8, 1.0. Also included in figure 14 is the temporal evolution of the total coverage θ(t) for the same mixture, but without diffusion. There is a significant difference in time behavior of the coverage with diffusion and that without. As in the case of a pure adsorptiondesorption process, the early stage of the process is dominated by adsorption. With the growth of the coverage, desorption and diffusion events take place and the coverage decreases due to the replacement of longer objects by shorter ones. When the diffusion of the deposited objects is not allowed, the coverage increases again due to the collective events. In the presence of diffusion, with diffusional probabilities significantly greater than the desorption probability, the quick rearrangement of deposited objects disallows the subsequent increase of the coverage and the equilibrium coverage is slightly lower than in the case without diffusion. This is in contrast with the results obtained for the one-component two-dimensional case [25] where the equilibrium coverage is not affected by the presence of diffusion.
Concluding remarks
We have investigated numerically the kinetics of deposition process of mixtures of k-mers on a 1D lattice in the presence of desorption and diffusion of depositing objects. We focused on the time evolution of the coverage θ(t) in the whole post-jamming time range (θ(t) > θ jam ). A systematic approach is made by examining a wide variety of k-mers and Figure 12 . Plot of the total equilibrium coverage θ eq against the desorption probability P des for the ten-component mixture of k-mers (k = 2, 3, . . . , 11). The dashed line is the exponential fit of equation (3.6). their mixtures. In the case of the irreversible deposition, special attention is paid to the dependence of the densification kinetics on the number of components in the polydisperse mixture. The number of components is gradually increased by adding a line segment of a greater length. We have performed a detailed analysis of the contribution to the densification kinetics coming from each mixture component.
It was shown that the exponential behavior (equation (1.1)) describes the approach to the jamming limit excellently in the case of irreversible deposition of polydisperse mixtures of k-mers. The relaxation time σ grows linearly with the number of components in the mixture. Components also reach their contribution to the jamming limit exponentially and the corresponding relaxation times σ decrease very rapidly with the size of the k-mers. It was found that the total jamming coverage increases with the number of components. The jamming coverage for a mixture is always greater than either of the jamming coverages of the components making up the mixture.
We have also presented the numerical results for the reversible RSA both for binary and for multicomponent mixtures of k-mers. It was shown that the growth of the coverage θ(t) above the jamming limit θ jam to the equilibrium coverage θ eq occurs via the stretched exponential law (3.1), for all mixtures and for all values of the desorption probability P des . The stretched exponential law (3.1) holds in the intermediate relaxation regime until the replacement of longer objects with shorter ones becomes the dominant mechanism that governs the late stage of the process. The characteristic timescale τ was found to decrease with the desorption probability. We have also discussed the significance of collective events for governing the time coverage behavior of component k-mers. In comparison to the monodisperse case, the analysis is more complex for mixtures, because of the large variety of spatial arrangements corresponding to events that involve two and more line segments of various lengths. With the example of a ten-component mixture, it was demonstrated that the coverage kinetics of a mixture has a richer behavior in comparison to that of the reversible deposition of pure lattice objects. In the presence of desorption, the total coverage of a polydisperse mixture is not always monotonic in time (figure 10) as a result of the interplay between the incoming and the outgoing flux of each mixture component.
When adsorption, desorption and diffusion perform simultaneously, the system always reaches an equilibrium state. In the case of a single-component deposition process, the equilibrium coverage θ eq depends only on the desorption/adsorption probability ratio [22, 25, 40] and the presence of diffusion only hastens the approach to the equilibrium state. However, in the case of polydisperse mixtures there is a significant difference in temporal evolution for coverage with diffusion and that without. Diffusional rearrangements of line segments of various lengths enable the growth of the coverage in the late stage of the process. The coverage decreases due to the replacement of longer deposited objects by shorter ones and the equilibrium coverage in the presence of diffusion is lower than for the pure adsorption-desorption processes.
